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The temperature distribution for thin filaments heated by an electric current in vacuo is found, 
and simple analytical expressions are derived for calculations of the fundamental variables 
characterizing the thermal mode of the heater. The results of calculations according to these 

expressions are compared with the experimental data. 

Considerable attention has been devoted to the determination of the temperature field of a heater 
energized by an electric current in vacuo. Due to appreciable mathematical difficulties, however, a solu- 
tion has been obtained for the problem only in the case of a linear heater uncoated with insulation. A sur- 
vey of the literature o11 the solution of the latter problem may be found in [1]. 

In the present article we give a solution of the system of differential equations describing, in combi- 
nation with the boundary conditions, the steady-state temperature field of a filament heater of arbitrary 
geometry. In solving the problem we proceed from the following physical picture of the thermal energy 
distribution in the heater. 

The heater consists of a metal filament (core of the heater), the surface of which is coated with a 
thin insulation layer. An electric current of density j passes along the heater core. The Joule heat re- 
leased by this process is transmitted from the core to the outer surface of the insulation by heat conduction. 
From the outer surface of the insulation, thermal energy is radiated into vacuum according to Lambert's 
law [2]. Simultaneously, due to self-irradiation of the heater and the emission of radiation from the sur- 
rounding surfaces (wall of the vacuum chamber and shields), a radiative flux of density Einc_ t can impinge 
on the heater surface. 

The temperature field of a filament heater is most simply determined in the coordinate system {r, ~, 
z'~. The coordinate axis coincides with the axis of the heater and, depending on the construction of the 
latter, can represent either a helical line (for a helical filament) or a set of straight-line segments in dif- 
ferent planes (for a folded filament). The coordinates q~ and r describe the polar angle and distance in the 
plane of the filament cross section at the point z'. Consequently, the coordinate system {r, q~, z'~ is 
curvilinear and nonorthogonal. Only in the case of a linear filament does this coordinate system coincide 
with a conventional cylindrical coordinate system. The heat-conduction equations for the heater core and 
the insulation coating, written in the eurvilinear coordinate system {r, q~, z'~, have the following form for 
constant values of h and v: 

3 

Ox; T o ( T )  = o; (1) 
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where  

xl = r; x~ = q~; X'3 = z'; (3) 

g =r~[.1 + r  ~[~-~,-d-d~)2-r~k~sin~Cp-2rkcoscp-cr2r~]; (4) 

r~c[ 
g " = l ;  g Z l = g l ~ = O ;  g l a = g 8 1 = O ;  g 3 ~ = g ~ S = _ _ ;  

g 

g~8 = ~ ;  g~ = 1 -~ r ~ \ ~ ] - -  r2k ~ sin S r - -  2rk cos q~ g .  (5) 

e(z ' )  is the t o r s i o n  of the axial  l ine of the f i lament ,  k is its cu rva tu r e ,  and a2 is the unit v e c t o r  n o r m a l  to 
the f i lament  axis.  

F o r  thin f i laments ,  fo r  which the values  of r a r e  not g r e a t e r  than 0.1 cm and the t o r s i o n  cr, c u r v a t u r e  
k, and quant i ty  I d~2/dzTI are  c l e a r l y  l e s s  than ten,  it is poss ib le  in the exp re s s ions  for  g22 and g to neglect  
by  c o m p a r i s o n  with uni ty  t e r m s  containing r in the f i r s t  and higher  power s ,  i . e . ,  to  a s s u m e  that  g = r ~ and 
g22 _ 1 / r  e. Also,  fo r  a smal l  f i l ament  th ickness  the t e m p e r a t u r e  va r i a t ion  along the rad ius  of the hea t e r  
c o r e  can be d i s r e g a r d e d  as a smal l  quanti ty.  The t e m p e r a t u r e  va r i a t ion  along the po l a r  angle r  on the 
o ther  hand, is of no in te res t  and can a l so  be neglected.  Accord ing ly ,  Eq. (1) m u s t  be ave raged  ove r  the 
va r i ab le s  r and ~ ,  and Eq. (2) ove r  ~.  Under  these  condit ions Eqs.  (1) and (2) r educe  to the f o r m  

d2T p (T) 2 
dz ' ~  +]2 L ~,R1 q(z'); O < z ' < / ;  (6) 

0 ~  1 O0 O2ff 
Or ~ ~ - -  + az '~ = 0; 0 < z' < l; R1 < r < R~, (7) 

r Or 

where  q(z')  is the heat  flux f r o m  unit l a t e r a l  su r f ace  of the core .  

The solut ion of the d i f ferent ia l  equat ions (6)-(7) m u s t  sa t i s fy  the boundary  condi t ions  

(R1, z') = T (z'); (8) 

( a §  (9) q ( z ' )  = - -  ~, 

- - ~  = aoele 4 (R2, z') - -  elEinc_l(z'); (10) 
r~Rz 

T (0) = T (l) = Z0; (11) 

•(r, 0 ) = ~ ( r ,  / ) = T  O . (12) 

We need to augment  t he se  equat ions with an equat ion de t e rmin ing  the f i l ament  c u r r e n t  I, which en te r s  into 
Eq. (6) as  an unknown p a r a m e t e r :  

= j2 .[ p (T) dV, (13) UI 
V 

where  j = I/vR~ and V is the vo lume of the core .  

It is imposs ib le  in p r a c t i c e  to solve  the s y s t e m  of equat ions (6)-(13) analy t ica l ly ,  on account  of the 
non l inear i ty  of boundary  condit ion (10). M o r e o v e r ,  we do not know the funct ion Einc_l(z ' )  in Eq. (10). In 
o r d e r  to evaluate  it we need to solve the s y s t e m  of r ad ia t ion  in tegra l  equat ions .  However ,  t hese  diff icul t ies  
can be su rmoun ted  as follows.  

The s y s t e m  of equat ions (6)-(13) does  not di f fer  f o r m a l l y  in any way f r o m  the s y s t e m  of equat ions 
desc r ib ing  the t e m p e r a t u r e  d i s t r ibu t ion  in a l inear  f i l ament  in a cy l indr ica l  coord ina te  sy s t em.  It m a y  be 
in fe r r ed  on this  bas i s  that  the behav io r  of the t e m p e r a t u r e  d i s t r ibu t ion  along a thin f i l ament  rad ia t ing  in 
vacuum will be a p p r o x i m a t e l y  the s a m e  i r r e s p e c t i v e  of its g e o m e t r i c  conf igura t ion.  This  in fe rence  enables  
us to use the r e s u l t s  of exper imen ta l  m e a s u r e m e n t s  of the t e m p e r a t u r e  f ields of thin l inea r  f i l aments  in 
solving the s y s t e m  of equat ions (6)-(13). A r e p r e s e n t a t i v e  expe r imen ta l  curve ,  b o r r o w e d  f r o m  [3], fo r  the 
t e m p e r a t u r e  d i s t r ibu t ion  over  the su r f a c e  of a thin f i l ament  is shown in Fig.  1. It is c l e a r l y  seen  that  the  
m a j o r  p a r t  of the f i lament  s u r f a c e  has a cons tan t  t e m p e r a t u r e  ~ m. The t e m p e r a t u r e  of the f i l ament  v a r i e s  
f r o m  ~ m to T O ove r  a sma l l  p a r t  l '  of the f i l ament  length (l' << l /2 ) .  This t e m p e r a t u r e  d i s t r ibu t ion  cu rve  
can be d e s c r i b e d  ana ly t i ca l ly  by a t r i g o n o m e t r i c  s e r i e s :  
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TABLE 1. C o m p a r i s o n  of the Calcula ted  Values of the T e m p e r a -  
t u r e  ~ m and Length  l '  with the Expe r imen ta l  Data  

He ater type 

White 

Black 

u,V 

8,70 
13,6 
17,4 
15,9 
27,7 
36,7 

I,A 

0,478 
0,580 
0,654 
0,884 
1,178 
1,374 

~m ,~ K(expefi- 
menta~ 

1196 
1429 
1595 
1170 
1442 
1600 

~rn, ~ K(theore- l ', cm(theore- 
tical) tical) 

1177 1,84 
1438 I, 60 
1606 1,45 
1145 0.99 
1428 0,79 
1587 o, 69 

tgO0 

800 

ooo 

f 
% 

r~ 

O-- Z" t-l" t ~z 

Fig.  1. R e p r e s e n t a t i v e  d i s t r ibu t ion  of t e m -  
p e r a t u r e  ~ (~ along a thin f i lament .  

in which 

F(z ' ,  l', ~m) = 2A,~  sink.z'  + To, (14) 

~ - -  T ~ ~  ; k~--  2 n - - 1  ~; 
cos Pll' l 

[r0--%coskj]  i (15) 
= ( - -  ; P1  = _ _ Y  

Consequent ly ,  us ing the expe r imen ta l  r e s u l t s  of m e a s u r e -  
ments  of the su r f ace  t e m p e r a t u r e  of thin l i nea r  f i l aments ,  
we found the d i s t r ibu t ion  funct ion fo r  the t e m p e r a t u r e  over  
the su r f ace  of a thin f i l ament  up to a cons tan t  l ' .  This 
funct ion can be used as a new boundary  condi t ion in p lace  
of the nonl inear  boundary  condit ion (10), put t ing 

(R~, z ' ) =  F (z', t', ~m). (16) 

F o r  the d e t e r m i n a t i o n  of the unknown cons tant  l '  we use  Eq. (13), and we ca lcu la te  the f i l ament  c u r r e n t  by 
means  of the non l inea r  boundary  condi t ion (10), in tegra t ing  it f i r s t  over  the f i lament  length. This i n t e r -  
change of the bounda ry  condit ions makes  it poss ib le  to find a solut ion of Eq. (6)-(7) in the f o r m  of t r i g o n o m -  
e t r i c  s e r i e s  subjec t  to the condit ion that  p (T) is a l i nea r  funct ion of the t e m p e r a t u r e  of the hea t e r  co re  (p 
= a T  + b): 

T =  l - - 1  + 2 a~ cosq-~  ~ .=~ k ] - - q ~  sink~z' + To; (17) 

= ~, [bnLo(k,~r ) @ e,~Ko(k,~r)] sink,z'  + To, (18) 
n = l  

where  P0 = aT0 + b; q = 4 a / k ,  and L0(knr) and K0(knr) a r e  modif ied Besse l  funct ions of the f i r s t  and second  
kind. The cons tan t s  an,  bn, and Cn a r e  r e a d i l y  evaluated f r o m  the boundary  condit ions (8), (9), and (16). 
Equat ion (13) fo r  the de t e rmina t ion  of l '  is r educed  to the fol lowing by the subs t i tu t ion  of T f r o m  (17) and 
s u m m a t i o n  of the  s e r i e s :  

[ U ( 1 - - a )  b ]  2T o 2To (19) 
- cosx - -  s i n x = T  0 - - x ,  

[ a IP 1 lP1 

where  

LR~q ~ In R~ 

x = l ' P  1, a -  2v R1 (20) 

A s ingu la r  f ea tu re  of the r e su l t ing  solut ion is that  the t e m p e r a t u r e  d i s t r ibu t ion  funct ion fo r  the f i la -  
ment  does  not expl ic i t ly  contain  p a r a m e t e r s  c h a r a c t e r i z i n g  the g e o m e t r y  of the f i l ament  o r  the h e a t - t r a n s -  
f e r  condi t ions  at its ou te r  su r f a c e  (i. e., the angular  e m i s s i o n  coeff ic ients ,  e m i s s i v i t y  of the  su r f ace ,  etc.) .  
All  of these  quant i t ies  en te r  into the c u r r e n t  equation. The i r  inf luence on the f i l ament  t e m p e r a t u r e  is 
t h e r e f o r e  accounted  fo r  only in t e r m s  of the c u r r e n t ,  which en te r s  into the t e m p e r a t u r e  d i s t r ibu t ion  func-  
t ion  as a parameter. 
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F i g .  2. D i s t r i b u t i o n  of t e m p e r a t u r e  T (~ 
o v e r  l eng th  z '  (m) of a th in  tungs t en  f i l a -  
m e n t :  1) a c c o r d i n g  to ex~perimental  d a t a  
[3]; 2) c a l c u l a t e d  f r o m  Eqs .  (14)- ( t5)  and 
(19). 

We conc lude  wi th  s o m e  s i m p l e  r e l a t i o n s  f o r  c a l c u l a t -  
ing the  fundamen ta l  v a r i a b l e s  c h a r a c t e r i z i n g  the  t h e r m a l  
mode  of the  f i l a m e n t ;  t h e s e  r e l a t i o n s  w e r e  d e r i v e d  by  the 
a p p r o x i m a t e  s u m m a t i o n  of the  t r i g o n o m e t r i c  s e r i e s  e n t e r i n g  
into (17)-(18).  

The  hea t  f lux a c r o s s  the  c o r e  c r o s s  s e c t i o n  a t  t he  
ends  of the  f i l a m e n t  ( annu la r  l o s s e s )  is  

( ) 21flh-~l~r~ sin / aT nR~ ~ (21) W . = 2 L  ~ 2,=o ~ ( 1 - - a )  

The m a x i m u m  t e m p e r a t u r e  of the  h e a t e r  c o r e  is  

The r a d i a t i v e  s e l f - f l u x  f r o m  the h e a t e r  s u r f a c e  is  

l 

Oself-1= 2~R~elcro @4 (R~, z') dz' ~ 2~R2elcro@~ "~i P1 -- ~- (23) 
0 

Al though  the so lu t ion  p r e s e n t e d  h e r e  was  d e r i v e d  fo r  i n s u l a t i o n - c o a t e d  f i l a m e n t s ,  it  can a l so  be u sed  
to d e s c r i b e  the  t e m p e r a t u r e  f i e ld  of uncoa ted  thin  f i l a m e n t s .  F o r  th i s  p u r p o s e  i t  is  r e q u i r e d  to put  R 2 = R~ 

in a l l  the  equa t ions .  

F o r  an e x p e r i m e n t a l  v e r i f i c a t i o n  of the  r e l a t i o n s  d e r i v e d  above  we c o m p a r e  the  r e s u l t s  of c a l c u l a t i o n s  
of ~ m  and l '  a c c o r d i n g  to (15) and (19) wi th  the  e x p e r i m e n t a l  da ta .  F o r  the  l a t t e r  we use  the  r e s u l t s  of 
m e a s u r e m e n t s  of the s u r f a c e  t e m p e r a t u r e  of h e a t e r s  coa ted  wi th  whi te  and b l a c k  i n su l a t i on  [3]. F o r  the  
h e a t e r s  wi th  a white  coa t ing  the e m i s s i v i t y  of the coa t ing  s u r f a c e  is  0.2 o r  0.3, and f o r  the  h e a t e r s  wi th  a 
b l a c k  coa t ing  i t  is  0.6 to 0.8. The g e o m e t r i c a l  d i m e n s i o n s  of the  whi te  and b l a c k  h e a t e r s  w e r e  i d e n t i c a l :  
l = 0.255 m; R 1 = 35.9 " 10 -6 m; R 2 = 116.8 �9 10 -6 m.  F o r  e a c h  type  the  m e a s u r e m e n t s  w e r e  p e r f o r m e d  at  
t h r e e  v a l u e s  of the  f i l a m e n t  vo l t age  U, so  tha t  t h r e e  v a l u e s  of the  c u r r e n t  I and t e m p e r a t u r e  ~ m w e r e  ob -  
t a ined .  The r e s u l t s  of t h e s e  m e a s u r e m e n t s  a r e  s u m m a r i z e d  in Tab le  1. 

Va lues  of ~ m  and l '  c a l c u l a t e d  a c c o r d i n g  to  Eqs.  (19) and (15) a r e  a l s o  g iven  in Tab le  1. E x p e r i m e n -  
t a l  v a l u e s  fo r  l '  a r e  not g iven  in [3], but  in tha t  p a p e r  e x p e r i m e n t a l  c u r v e s  a r e  g iven  fo r  the  t e m p e r a t u r e  
d i s t r i b u t i o n  ove r  the  l eng th  of b l a c k  and whi te  h e a t e r s ,  f r o m  the  f o r m  of which  i t  m a y  be i n f e r r e d  tha t  the  
va lue  of l '  v a r i e s  be tween  the  l i m i t s  f r o m  2 to 1.5 c m  fo r  whi te  h e a t e r s  and f r o m  1 to  0.7 c m  f o r  b l a c k  

h e a t e r s .  

The  a p p l i c a b i l i t y  of the  r e l a t i o n s  d e r i v e d  h e r e  to uncoa t ed  f i l a m e n t s  can be  d e m o n s t r a t e d  in a s a m p l e  
c a l c u l a t i o n  of the  t e m p e r a t u r e  f i e ld  of an uncoa t ed  t ungs t en  f i l a m e n t .  I ts  g e o m e t r i c a l  and e l e c t r i c a l  p a r a m -  
e t e r s  a r e  a s  fo l l ows :  l = 0.263 m; R 1 = 3 5 . 9 5 . 1 0  -6 m; U = 8 V; I = 0.349 A. G r a p h s  of the  t e m p e r a t u r e  
f i e ld  of the  uncoa ted  t ungs t en  f i l a m e n t  a r e  shown in F i g .  2. C u r v e  1 was p lo t t e d  a c c o r d i n g  to the  e x p e r i -  
men ta l  d a t a  of [3], and c u r v e  2 was c a l c u l a t e d  a c c o r d i n g  to  Eqs .  (14)-(15) and (19). 

I 

U,k 

Ri, R2 
T, 

P 
To 
l 

N O T A T I O N  

is  the  e l e c t r i c  c u r r e n t  in the  h e a t e r ;  
a r e  the  f i l a m e n t  vo l t age  and t h e r m a l  c onduc t i v i t y  of the  h e a t e r  c o r e ;  
is  the  t h e r m a l  conduc t iv i t y  of t he  h e a t e r  i n su l a t i on ;  
a r e  the  r a d i i  of the  c o r e  and i n su l a t i on  coa t ing ;  
a r e  t h e t e m p e r a t u r e s  of the  c o r e  and i n su l a t i on  coa t ing  a t  a point ;  
i s  the  r e s i s t i v i t y  of the  h e a t e r  c o r e ;  
i s  the  t e m p e r a t u r e  of the  h e a t e r  ends ;  
is  the  l eng th  of the  h e a t e r .  
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